Abstract. We discuss the analogy between a classical scalar field with a self-interacting potential, in a curved spacetime described by a quasi-bounded state, and a trapped BoseEinstein condensate. In this context, we compare the Klein-Gordon equation, with the GrossPitaevskii equation. Moreover, the introduction of a curved background spacetime endows, in a natural way, an equivalence to the Gross-Pitaevskii equation with an explicit confinement potential. The curvature also induces a position dependent self-interaction parameter. We exploit such analogy by means of the Thomas-Fermi approximation, commonly used to describe the Bose-Einstein condensate, in order to analyze the quasi bound scalar field distribution surrounding a black hole.
Introduction
Half a century ago, when Jordan-Brans-Dicke scalar-tensor theory of gravity was proposed [1, 2] , scalar fields have experienced a long and controversial life. Nowadays, they appear in the formulation of many phenomena in gravitational theories. On one hand, a scalar field is always present in the context of Dirac's large number hypothesis and also in all higherdimensional unified field theories; they appear as dilatons in string theory and as inflatons or dark matter in cosmology [3] . Nevertheless, they remain until now as exotic matter. It was only in the last year that the Higg's boson was detected [4] [5] [6] , a very important fact in the development of the scalar field theory.
On the other hand, it was found that ther exist fundamental relations between particle physics, cosmology and condensed matter [7] . Different condensed matter systems, such as acoustics in flowing fluids, light in moving dielectrics or quasi particles in moving superfluids, can be shown to reproduce some aspects of General Relativity and cosmology [8] . They can be conceived as laboratory toy models in order to be able to make accessible some features of quantum field theory on curved spacetime experimentally [9] .
In this context, one of the most peculiar phenomena in physics, discovered in the last century, is Bose-Einstein condensation [10, 11] , which is a macroscopic quantum phenomenon that was first discovered theoretically by Bose [10] and Einstein [11] in the 1920 s, where it was applied the new concept of Bose statistics to a non-interacting gas of identical atoms which were at thermal equilibrium and trapped in a box. It was predicted that, at sufficiently low temperatures, the particles would accumulate in the lowest quantum state in the box and would merge into a giant superatom. Locked together, moving as one, this condensate of atoms would become a new state of matter, different from solid, liquid or gas. Thus, large numbers of bosons can collapse into the same quantum state to form a condensate, whereas two fermions cannot be in the same quantum state, they obey the Pauli principle [12] . Bose-Einstein condensation is only possible for massive bosonic particles. The particle density at the center of a Bose-Einstein condensate is typically of the order 10 13 -10 15 cm −3 [13] , not that far from the density of molecules in air at room temperature and at atmospheric pressure which is of the order 10 19 cm −3 , or the density of atoms in liquids and solids which is about 10 22 cm −3 [14, 15] . It was a great achivement when this theoretical idea was finally made in the laboratory, 75 years later [16] [17] [18] .
Usually is applied the Gross-Pitaevskii equation [19, 20] to investigate the physical properties of Bose-Einstein condensates in trapped ultra-cold atoms having temperature, T , of about 100 nK. This equation, was derived independently by Gross [19] and Pitaevskii [20] in 1961. Its validity is based on the condition that, for a diluted gas, the s-wave scattering length be much smaller than the average distance between atoms and that the number of atoms in the condensate be much larger than one. It can be used, at very low temperature (including absolute zero), to explore the macroscopic behavior of the system, characterized by variations of the order parameter over distances larger than the mean distance between atoms [13, 21] .
It is interesting to notice that, after several approximations and assumptions, it can be shown that the Klein-Gordon equation governing the dynamics of a classical scalar field, can be reduced to the Schrödinger equation, from which, the Gross-Pitaevskii equation which governs the dynamics of a Bose-Einstein condensate follows. It is remarkable to notice that, as mentioned above, we face a classical relativistic scalar field (with second order time derivatives), and a quantum Newtonian BEC (with first order time derivatives), with different concepts of time [22] . In this way, the Klein-Gordon equation contains the Gross-Pitaevskii one. However, along these ideas the physical meaning being described, changed. Changed quantitative and qualitatively.
Even though the Schrödinger equation can be derived from the Klein-Gordon equation, they describevery different physical phenomena. There are, however, macroscopic and quantum systems which, under certain circumstances, are described by the same formal equation, with the same mathematical structure. Such is the case between a scalar field distribution surrounding a black hole, the so called quasi-bound states [23] , and, the Bose-Einstein condensate described by the Gross-Pitaevskii equation. We remark that in the former case, it is the space-time curvature, together with the scalar field features, the ones which form an effective potential which contains the scalar field distribution.
We consider, at least until now, that it is not proper to call the quasi bound distributions as cosmological condensates, as long as such distributions are described by a classical field, without any references to particles or quantum states. Even though the quasi bound distributions satisfy a very similar equation as the one satisfied by the stationary Bose-Einstein condensate, they have a very different origin, described very different phenomena, and, as mentioned above, they are conceptually different. The similitude between the equations which describes each case is, however, worth of a deeper research. In fact, the scalar field description of dark matter and its possible relation with Bose-Einstein condensates is yet to be fully understood [26] .
In this paper we will use such similarity, in order to investigate the possible implications in determining the dynamics of a scalar field, using the techniques applied in solving the dynamics of a Bose-Einstein condensate. The mentioned similarity will work in static and stationary situations where the role played by time coordinate is not relevant. We will see how it is possible to express, under certain circumstances, the Klein-Gordon equation as a Gross-Pitaevskii-like equation. As we mentioned above, the presence of a gravitational background provides, in a natural way, a trapping potential in the effective Gross-Pitaevskii equation. Once the analogy is established, we will apply usual techniques in atom physics, to the description of the quasi bound state.
We consider the pathological one-dimensional case, where the Thomas-Fermi approximation breaks down, but we are able to obtain analytical solutions for the different descriptions, so that we can, in principle, compare them.
The outline of the paper is as follows: In Sec. II the flat space analogy between a classical scalar field and a Bose-Einstein condensate is displayed. In Sec. III a curved space analogy is considered. In Sec. IV the Thomas-Fermi approximation is applied to the scalar field equation in a gravitational background. In Sec. V conclusions and outlook are presented.
Flat space analogy
Let us first consider the flat spacetime case, i.e., without a gravitational background. We will find an exact solution of the Gross-Pitaevskii equation, obtained from the Klein-Gordon equation, for the case of a scalar field trapped in a one-dimensional box. It is worthwhile to mention that the solution has the form of the one obtained for the case of a Bose-Einstein condensate trapped in a one-dimensional-box. This solution is known as static soliton. It is worthwhile to notice that in the one dimensional flat case, the Gross-Pitaevskii equation-like does not have a confinement potential other than the boundary walls of the box.
Consider a complex scalar field, Φ(t, x), satisfying the following Klein-Gordon equation
where the prime stands for derivative with respect to x, and the dot for derivative respect to c t. We want to restrict ourselves to the case of harmonic time dependence of a scalar field, which is coupled to a scalar self-interacting potential
2) 5) which can be integrated directly leading to
where we added a term (−[σ 2 − (ω 2 /c 2 )] 2 /4 λ) to both sides of the equation and defined a new integration constant C 1 . Eq. (2.6) can be solved directly, leading to a JacobiSN solution, which should be restricted to the case of vanishing integration constants. Thus, by imposing analogous conditions for the relation between the chemical potential µ and the parameter that describes the interaction U 0 = 4π 2 a/m, being a the s-wave scattering length, as for the usual GrossPitaevskii equation, i.e., µ = U 0 |ψ(x)| 2 = U 0 n, with n the corresponding particle density, we obtain the following condition for our system
where we have defined an effective chemical potential µ ef f , together with a new constant |χ 0 | 2 , which corresponds, as in the usual case, to the wave function far away from the wall, where the kinetic energy term becomes negligible. Here, it is noteworthy to mention that the balance between the kinetic term and the interaction energy characterized by the coupling constant λ in Eq. (2.5), allows us to fix a typical distance over which the system can heal, as in the usual Gross-Pitaevskii equation. In our case this entails
It is interesting to notice that the associated healing length ξ f lat is independent of the parameter σ due to the functional form of Eq.(2.5). Finally, in this scenario, the solution to the Klein-Gordon equation for a classical scalar field with a self-interacting potential reduces to following expression
which is precisely the kink solution obtained for a Bose-Einstein condensate trapped in a box [15] . We see that in this simple case, for an harmonic like solution, and an infinite barrier potential, we can relate the Klein-Gordon equation, and the scalar field solution, to the GrossPitaevskii equation and the order parameter, that is, the solution to the Gross-Pitaevskii equation inside the potential. The chemical potential, µ ef f is identified with the substraction of the mass parameter and the oscillation frequency, as seen in Eq. (2.7).
Curved Space Analogy
In order to continue exploring the analogy between the the curved spacetime analogy beween the Klein-Gordon equation, and the Gross-Pitaevskii equation, we proceed to present the Klein-Gordon equation in curved spacetime.
Let us recall that one starts from the Lagrangian density for a complex scalar field
where V (Φ Φ * ) is the scalar field potential, and from such Lagrangian one obtains, by ∂ L/∂ g µ ν , the stress energy tensor:
which can be used in the Einstein's equations, and its conservation equation, T µ ν ;µ = 0 lead us to the Klein-Gordon equation for the complex scalar field.
The classical scalar field can also be considered as a test particle/field, i.e., it only feels gravity but its own gravity is neglected. Their dynamics is determined by a Klein-Gordon equation in a curved background spacetime. In this work we consider the scalar field as a test particle/field in a curved background.
In the previous section we displayed, for a box potential as container, an analogy between a classical scalar field satisfying a Klein-Gordon equation and the Gross-Pitaevskii equation for a Bose-Einstein condensate. This fact reinforce our guess about the existence of an analogy between classical scalar field configurations with the order parameter associated with the Bose-Einstein condensate's theory. Now we show that such analogy is even more remarkable.
Consider a spherically-symmetric-static background spacetime
with dΩ 2 = dθ 2 + sin 2 θ dϕ 2 , and c the speed of light in vacuum. By solving the vacuum Einstein field equations including cosmological constant
one can determine the explicit form of the geometric function, F . We consider the dynamics of a scalar test field, Φ, with a scalar self-interacting potential given by
That is, the scalar field satisfies a Klein-Gordon equation in the curved spherically symmetric background spacetime given by Eq. (3.3), which reads
where we used the following definition of the number density ρ n
Let us restrict to the monopolar component of the scalar field with harmonic time dependence
The Klein-Gordon equation reduces to a non linear Schrödinger-like equation, it is a kind of Gross-Pitaevskii equation-like
Here, we identified the particle/field density ρ n = u 2 /r 2 ; additionally, we introduced the r * coordinate
Hence, the effective trapping potential reads
where now the prime stands for derivative with respect to r * . In order to obtain stationary (or quasi stationary) solutions for the scalar field, the curvature of the spacetime itself should confine the scalar field. Indeed, it is not necessary to introduce "by hand" an external potential to confine the scalar field in the Klein-Gordon equation; the gravitational background does the work, some background spacetimes confine the scalar field. In what follows we set r * → r, only to simplify the notation.
Eq. (3.9) is a Gross-Pitaevskii equation-like
We identify the effective potential V eff of Eq. (3.9) with the trapping potential V (r) of the Gross-Pitaevskii equation Eq.(3.12). The self-interaction term in Klein-Gordon is given by λ F , which includes a geometric coefficient. In our Gross-Pitaevskii equation-like is identified with U 0 . The particle density ρ n is identify with |ψ(r)| 2 , the frequency, (ω/c) 2 together with the mass parameter, σ 2 , as we saw in the 1d case, is identified with the chemical potential µ, and the radial dependence of the scalar field u is related with the order parameter ψ.
Notice from Eq.(3.9) that the curvature of the space-time induces also a spatially dependent interaction, through the parameter λF . This effective interaction parameter λF (position dependent) could be interpreted as some kind of gravitational Feshbach resonance induced by the curvature of space-time, and could affect, for instance, the stability of the system, as in usual condensates [15] . Clearly, this particular issue deserves deeper analysis and it will be presented elsewhere, due to the fact that it is intimately related with the structure of the system could be tested, in principle, as dark matter in more realistic scenarios.
In the cases when the effective potential holds the scalar field quasi-stationary configuration, the analogy between the scalar field in a curved background, satisfying Eq. (3.9), and the order parameter describing a Bose-Einstein condensate, satisfying the Gross-Pitaevskii stationary equation, Eq. (3.12), is remarkable.
We present relevant examples of such spacetimes in the following subsections.
Schwarzschild-de Sitter spacetime
Let us consider the case of a Schwarzschild black hole within a de Sitter spacetime, for which the metric coefficient F of Eq. (3.3) has the form
where M is the mass of the black hole and Λ is the cosmological constant. Choosing a massscale, M 0 , and a distance-scale, R 0 , we construct the dimensionless quantity q = G M 0 /c 2 R 0 , and the mass of the black hole under study is then a factor of the mass-scale, M = n M 0 , and the distance is a multiple of the distance-scale r = x R 0 , with n, x as dimensionless constants. Since Λ has units of curvature, that is, inverse of area, we construct the dimensionless quantity ν = Λ R 0 2 /3, so the metric coefficient F given in Eq. (3.13) reduces to the following dimensionless form
(3.14)
Assume that Λ represents the dark energy in our model. Using Planck data [29] , the definition for the critical density of the universe, ρ critical = 3 H 0 Planck 2 /(8 π G) and the gravitational constant value G = 4.29 × 10 −9 (km/s) 2 Mpc/M Sun [30] , we obtain the value ρ critical = 1.26 × 10 11 M Sun /Mpc 3 . According to Planck priors the ratio ρ Λ /ρ critical = 68.3%, stands for the dark energy sector, quantity that we can use to compute the corresponding value for the cosmological constant via Λ = 8πGc −2 ρ Λ . Finally, we obtain the value Λ = 1.036 × 10 −7 ± 4.302 × 10 −9 Mpc −2 . Choosing the distance scale as R 0 = 1Mpc, the dimensionless metric coefficient takes the value ν = 3.452 × 10 −8 ± 1.434 × 10 −9 .
In the Schwarzschild-de Sitter case, we deal with two kinds of horizons, one related to the black hole, and the other is associated with the Λ. This external horizon, as long as cosmological constant Λ has a definite value, is fixed, and amounts to x ext = 5386.37 in the absence of black hole, which gives the size of a Universe dominated by the cosmological constant, R max = 5.38 ×10 3 Mpc. When a black hole is present, and if we consider q = 1, this implies that our mass scale is 10 19 Solar masses. In this case exist two horizons, and when one considers a more massive black hole, the internal horizon grows towards the external one in such a way that, for a value of n = 1036.6, the two horizons merge in one, and we have a critical Schwarzschild-de Sitter spacetime. Now, the effective potential, Eq. (3.11) for this spacetime reads
where we define α = R 0 σ. For the scalar potential we use the same scale-distance as the one used for the spacetime parameters, so that the parameter α is a dimensionless parameter. For α < √ 2 ν, the asymptotic behavior of the effective potential is positive, and for x ≡ 2 q n we have a characteristic black hole barrier. Thus, we expect to have regions where could exist bound states of the scalar distribution.
We also present a less realistic case, characterized by a huge black hole mass and a very large scalar mass parameter. Despite of the unrealistic features, it is interesting that this limit shows clearly how the effective potential induces the formation of bounded regions near the black hole, depending on the value of the scalar mass parameter. For larger radius the effective potential grows and then starts to decline, reaching zero value at the cosmological horizon. The results are presented in Fig. (1) . In this way, the gravitational field generated by the black hole mass, the cosmological constant, Λ, and by the scalar field mass parameter α is endowed with trapped regions for the scalar field. In [24] was discussed the case of a black hole spacetime, in these trapped regions can exist quasi-stationary distributions of the scalar field, lasting even for cosmological periods.
This fact strengths the analogy between the scalar field also in curved backgrounds and the order parameter describing Bose-Einstein condensates, since there do exist quasistationary distributions of the scalar field in curved background, which behaves in a way analogous to a Bose-Einstein condensate.
Schwarzschild spacetime
This case has been already discussed in detail [23, 24] within the context of scalar field distributions which remain surrounding a black hole for cosmological times. The metric coefficient in the line element, Eq. (3.3) reduces to the form (Λ = ν = 0) where now the mass M 0 and distance scale R 0 , are not constraint to be large. The effective potential Eq. (3.11) reduces to the following form
where the asymptotic value of the effective potential is the square of the scalar mass parameter α 2 . In this case, the potential presents confinement regions, as shown in Fig. (2) . A detailed discussion has been given in Refs. [23, 24] , describing how indeed one has quasi-stationary scalar field distributions which do accrete towards the black hole, but at such slow rate, so that they can last for cosmological times. We remark the fact that the solutions are quasi-stationary as long as the stationary solutions are forbidden by the black hole no-hair theorems [31] . Indeed, such scalar field distributions are not completely stationary, thus they are not excluded by those theorems, they are not "hair" but they can last for very long times, depending on the mass of the black black hole and the scalar mass parameter. Hence they have been dubbed "wigs" [24] 
de Sitter spacetime
The usual cosmological solution to Einstein field equations, Eq.(3.4), proposed originally by de Sitter, reads 18) which can be rewritten as a static-like line element with the form given by Eq. (3.3), with 19) so that the effective potential and the coordinate transformation to r * reduces to the following form
The asymptotic behavior in this case reads − α 2 − 2 ν ν x 2 /R 0 2 , and as long as there is only one extreme, x = 0, the scalar mass parameter, α 2 , must be less than the cosmological one, ν, in order to have a trapped region. This behavior is shown in Fig. (3) . We do not expect to have scalar field distributions in this case, as long as the potential is always negative.
Thomas-Fermi Approximation for the Scalar Field Equation in Curved Backgrounds
Following the analogy between the quasi-stationary scalar field distributions in curved background and Bose-Einstein condensates described by the Gross-Pitaevskii equation, we are able to explore how Thomas-Fermi approximation can be used to study and in some sense, to observe experimentally, scalar field distributions in curved spacetimes. Thomas-Fermi approximation is very useful to explore some relevant thermodynamical properties of BoseEinstein condensates in the presence of interactions. In usual condensates, an accurate description of the system may be obtained by neglecting the kinetic energy term in the GrossPitaevskii equation from the very beginning. Such approximation is valid for sufficiently large clouds, and when the scattering length a, which describes the interaction among the particles within the system, is much smaller that the mean inter particle spacing, in other words, when the system is enough diluted and contains a large number of atoms. Finally, we must add that Thomas-Fermi approximation fails for trapped condensates, near the edge of the cloud, due to the divergent behavior of the kinetic energy, i.e., the total kinetic energy per unit area diverges on the boundary of the system. Hence, if we further assume that Thomas-Fermi approximation is valid for our system then, we are capable to obtain from Eq. (3.9) the following expression
where we have used the definition given in Eq. (3.7) and, consistently with the analogy between the classical scalar field and the condensate, we call ρ n the particle density, which with the plane wave ansatz, Eq. (3.8), is given by ρ n = u 2 (r)/r 2 . Within Thomas-Fermi approximation, one transforms a differential equation into an algebraic one, with a solution
Finding the values where ρ n = 0, we obtain the region where the scalar field is contained, in this approximation. It is clear that there are differences between the solution obtained within such approximation, and the actual solution to Klein-Gordon equation in curved space-times. Begin so, Eq. (4.2), diverges at the horizon with F = 0, which is an unacceptable behavior for a stable scalar field distribution. However, such problem already occurs with Thomas-Fermi approximation in usual condensates. The approximation is not valid at the borders. We can expect, at most, that Thomas-Fermi approximation describes the scalar field distribution in the regions where the density has a maximum, roughly where the potential has a minimum. There are several definitions of density used in each context and, as we are using ideas from different fields, it is important to have clear definitions in each field and how they are related to one another.
On one hand, there is the particle density in nuclear physics, ρ n , Eq. (3.7), used in Thomas-Fermi approximation, Eq. (4.2), related to the probability density from quantum mechanics. On the other hand, there is the energy density, defined in the relativistic context:
, it is straightforward to obtain for the space time given by Eq. (3.3) , that the energy density takes the form
This is the expression for the density in General Relativity for static and spherically symetric spacetimes. One can see that it includes terms involving the particle density from nuclear physics, Φ Φ * , and also spatial and temporal derivatives which, according to the theory, also determine the energy. Indeed, using the plane wave ansatz and the normalization for the scalar function given in Eq. (3.8) , we obtain the relationship between the energy density and the particle density, Eq. (3.7)
The above can define a mass density, ρ mass (with units of density), related to the particle density,
To have an order of magnitude of such mass density, we can consider the ultra-light scalar field with mass about m φ c 2 ≡ 10 −24 eV, and for σ/c = m φ , we obtain that the corresponding parameter σ for such ultra-light scalar mass is 5.06 10 −18 m −1 , then c 2 σ 2 /16 π G = 6.86 10 −13 grs/cm 3 . Notice that, as long as the scalar field is dimensionless, the particle density is defined as ρ n = Φ Φ * = u 2 /r 2 .
In this way, to study the validity of Thomas-Fermi approximation in the Klein-Gordon equation in curved spacetimes, the first question is: How the number density is related to the actual energy density? The energy density reduces to the mass density, under certain conditions. For instance, consider a weak gravitational field region, F ≡ 1, where the mass density has small gradients and the self-interaction term is negligible compared with the first order term. In that case
which is a relation that could, in principle, be probed, once one has the solution to KleinGordon equation.
Within this line of thought, we also define an expected size and a possible number of particles for the scalar field in a curved background.
We consider the extremes of the density, defined for those values of the distance, x i and x f , where the frequency, ω, intersects the effective potential. Then define the number of particles as the integral of the density between those extremes, by using Eq. (4.5)
Let us apply these concepts to the concrete spacetimes we already presented.
Schwarzschild-de Sitter spacetime
Within the Thomas-Fermi approximation, a direct application of the particle density definition leads to the following expression for the particle density of the scalar field
From the effective potential plot Fig. (1) , we can choose a value for the frequency which intersects the potential, thus determining the extremes of the density. Then choosing the value of the parameter λ one obtains a sketch of the mass density distribution. This procedure renders the behavior given in Fig. (4) .
The cosmological constant modifies the shape of the effective potential, in a manner noticiable in the external region. It is also remarkable that it can be interpreted as modifying the value of the mass parameter of the scalar field, making it "lighter", as seen by comparing the effective potential in this case, Eq. 
Schwarzschild spacetime
For this case the function F takes the form given by Eq.(3.17), then the solution reads
A sketch of the density Eq.(4.9) is presented in Fig.(5) . It is remarkable how straight forward it is to derive the density distribution in this aproximation. According to it, the scalar field forms a shell surrounding the black hole, with a maximum at a few Schwarzschild radii. One expects that the actual solution has such form but that goes to zero at the horizon and fades smoothly in the external region.
In this way, we expect that the Thomas-Fermi approximation describes the shape, and perhaps even the possition, near the maximum of the density distribution of a quasi stationary scalar field susurrounding surrounding a black hole. A work comparing the density number derived by the actual solution of the Gross-Pitaevskii equation obtained numerically, and the Thomas-Fermi approximation, shows that the approximation is indeed excellent in all the region except the extremes [32] . We do not expect such an excellent accordance but, we think it certainly hints on the actual behaviour of the scalar field distribution in curved spacetimes.
Let us add that the trapping potential in usual condensates, induces a peak density at the center of the trap, i.e., near to r ∼ 0, and in this scenario, the effects caused by interactions, in a dilute system, are expected to be significant [13] . We must mention that in our case, there is a shift in the corresponding peak density which is caused by the curvature of the spacetime, see Figs. (4) and (5) . Notice also that the peak density observed in Figs. (4) and (5) seems to be located around the minimum of the induced confinement region. The shift in the peak density caused by the geometry of the space-time, together with the position dependent interaction parameter λF obtained above, deserves deeper investigation concerning to the stability of the system, and it will be presented elsewhere, since it could lead to observable manifestations.
Finally, concerning to the de Sitter background spacetime, we see that there is no value where the particle density vanishes, since the effective potential is always negative, so that a boundary is not well defined and the analogy evidently does not hold in this case.
Conclusions and outlook
We presented the different analogies existing between the solution to the Klein-Gordon equation with the solution to the Gross-Pitaevskii equation.
For the case of a particle trapped in a one dimensional box-potential with a large separation between the walls, i.e., static soliton kink solution, and we showed that both solutions are formally related.
Additionally, we have shown that the Klein-Gordon equation in some class of curved background spacetimes is such that the gravitational background induces a kind of confinement effective potential which allows quasi-stationary states for the scalar field, in close analogy to what happens with Bose-Einstein condensates in atomic physics. It was shown that a Schwarzschild-de Sitter black hole background spacetime together with the scalar field potential parameters, provide an effective trapping potential which allows the existence of such quasi-stationary scalar field distributions.
Moreover, the curved background induces also an effective self-interaction parameter, which clearly modifies the strength of interactions within the system. This fact could be interpreted, in principle, as a some kind of Feshbach resonance caused by the curvature of the space time. In the usual Bose-Einstein condensates, the Feshbach resonances make it possible to tune scattering lengths and other quantities, adjusting an external field, such as the magnetic field [15] . These facts could affect the stability of the cloud. Thus, it is interesting to explore if the system is stable, taken into account the effects caused by the induced effective self-interaction parameter. This topic deserves deeper investigation. In particular, in order that our system would be compared with observations, it is mandatory to derive a numerical solution, along the lines made in [32] , and compare with the corresponding Thomas-Fermi solution presented in this work. Indeed, the stability or quasi-stability of the system, show in the case without considering self interaction, is also a question which has to be solved, i.e., what is the influence of the λF term on the stability of the system? Finally, this approach can be extended to more general scenarios, in which the spacetime has rotation, and an analogy could be made with phenomenon associated with Bose-Einstein condensates such as vorticity and superfluidity, along the lines of [33] . It is worth noting that these ideas could imply the possibility that a scalar field considered as a Bose-Einstein condensate could account for dark matter halos surrounding the galaxies [23] [24] [25] . Clearly, these topics deserve deeper investigation, that we will be presented elsewhere [34] .
Summarizing, in this work we considered a classical relativistic scalar field as a test particle/field. For some particular background spacetimes, the existence of a remarkable analogy between the Klein-Gordon equation for a test scalar particle/field and the GrossPitaevskii equation for the order parameter of a Bose-Einstein condensate trapped by an external potential, is displayed. It is important to stress the fact that the gravitational background provides, in a natural way, an effective confinement potential for the scalar field together with an effective self-interaction parameter among the constituents of the system.
It would be desirable to have a deeper understanding of the analogy by means of a special relativistic formulation of the Bose-Einstein condensates, and continue the search of some phenomena which are seen in the Bose-Einstein condensates in the laboratories. This could point to an observable signature in the astrophysical realm.
